
Normal Dist.

Review: Normal probability distributions
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Normal Dist.

Normal distribution

I Location determined by the mean, µ.

I Spread determined by standard
deviation, σ.

I Bell-shaped & symmetrical

I Mean = median = mode

I Infinite range, −∞ < x <∞
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Normal Dist.

Normal distribution

I Distribution of sample means approach normal distribution with “large”
sample size (Central Limit Theorem)

I Easy to compute probabilities!
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Normal Dist.

A family of distributions
I Each distribution characterized entirely by µ and σ.
I We write the following for each distribution:

X ∼ N(µ, σ2)

x 

f(x) 

µ 
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Normal Dist.

Normal PDF

Normal probability density function:

f(x) =
1√

2πσ2
e−(x−µ)2/2σ2

This is difficult to work with directly! We will use probability tables.
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Normal Dist.

Normal CDF
For X ∼ N(µ, σ2), the cumulative distribution function is:

F (x0) = P (X ≤ x0)

µ x 0
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Normal Dist.

Finding normal probabilities
The probability for a range of values is measured by the area under the curve:

P (a < X < b) = F (b)− F (a)

a µ b
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Normal Dist.

Finding normal probabilities

F (b) = P (X < b)

F (a) = P (X < a)

a µ b

a µ b
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Normal Dist.

Finding normal probabilities
The probability for a range of values is measured by the area under the curve:

P (a < X < b) = F (b)− F (a)

a µ b
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Normal Dist.

Finding normal probabilities

Things to note:

I P (X ≤ x0) = P (X < x0)

I P (X < x0) = 1− P (X > x0) ⇒
P (X > x0) = 1− P (X < x0)

µ x 0
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Normal Dist.

Finding normal probabilities

Finding normal probabilities

Things to note:

I P (X < −a) = P (X > a).

-a 0 a
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Normal Dist.

Finding normal probabilities

Recap: Linear functions of random variables

Special case: standardized random variable.

Z =
X − µX
σX

which has µZ = 0 and σ2Z = 1
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Normal Dist.

Finding normal probabilities

The standard normal distribution

I Any normal distribution can be transformed into the standardized normal
distribution (Z ∼ N(0, 1)):

z 

f(z) 

µ=0 

σ=1 

I We transform X units into Z units by subtracting the mean of X and dividing
by its standard deviation:

Z =
X − µX
σX

EC200 Normal Distributions 13 / 23



Normal Dist.

Finding normal probabilities

Example: normal probabilities

Example 1

If X ∼ (100, 502), what is the Z-value for X = 200?
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Normal Dist.

Finding normal probabilities

Comparing X and Z units

x 

f(x) 

µ 

σ 

⇔ z 

f(z) 

µ=0 

σ=1 

Note that the distribution is the same, only the scale has changed.
We can express the problem in original units (X) or standardized units (Z)
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Normal Dist.

Finding normal probabilities

Finding normal probabilities

a b x 

f(x) 

σ
µb −

σ
µa − Z 

µ 

0 

P (a < X < b) = P (
a− µ
σ

< Z <
b− µ
σ

)

= F (
b− µ
σ

)− F (
a− µ
σ

)
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Normal Dist.

Finding normal probabilities

Standard normal distribution table

I The standard normal distribution table (available on Blackboard) shows
values of the cumulative normal distribution function.

I For a given Z-value a, the table shows F (a)

0 a

EC200 Normal Distributions 17 / 23



Normal Dist.

Finding normal probabilities

Standard normal distribution table
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Normal Dist.

Finding normal probabilities

Finding normal probabilities

P (Z < 2.00) = 0.9772

0 z = 2.0
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Normal Dist.

Finding normal probabilities

Finding normal probabilities

For negative Z-values, recall that the distribution is symmetric:

P (Z < −a) = 1− P (Z < a)

-a 0

.9772 
.0228 

0 a

.9772 

.0228 
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Normal Dist.

Finding normal probabilities

Type A: find probabilities, given X ∼ N(a, b)

Example: A cupcake factory’s daily production of cupcakes is normally distributed, with an average

of 5,100 cupcakes per day and a standard deviation of 1,200 cupcakes. What is the probability that

the factory produces more than 6,000 cupcakes tomorrow?

1 Draw normal curve for the problem in terms of X

2 Translate X-values to Z-values

3 Break into pieces of the form F (Z < z)

4 Use the cumulative normal table
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Normal Dist.

Finding normal probabilities

Type B: find X-value, given probabilities

Example: A cupcake factory’s daily production of cupcakes is normally distributed, with an average

of 5,100 cupcakes per day and a standard deviation of 1,200 cupcakes. There is a 10% chance that

the factory produces fewer than how many cupcakes tomorrow?

1 Find the Z-value for the known probability

2 Convert to X units using the formula:

X = µ+ Zσ
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Normal Dist.

Finding normal probabilities

General rounding guidelines

Common z-values:

F (z) 0.90 0.95 0.975 0.99
z 1.282 1.645 1.960 2.326
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